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Bayes Rule for
Probabilistic Inference (1/3)

m Medical diagnosis based on knowledge
base (from [Mitchell 97])
= Prior probability of cancer
P(cancer) = 0.008, P(-cancer) = 0.992

m A test for cancer
P(+ | cancer) = 0.98, P(- | cancer) = 0.02
P(+ | -cancer) = 0.03, P(- | -cancer) = 0.97
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Bayes Rule for
Probabilistic Inference (2/3)

m [f the result of the test is positive, how
probable is the case of cancer?

= We should calculate P(cancer | +).
m Probabilistic inference from the given
probabilities (knowledge).
m P(cancer | +) = P(+ | cancer) - P(cancer) / P(+)
=0.98 - 0.008 / P(+)
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Bayes Rule for
Probabilistic Inference (3/3)

m Marginalization

= How to calculate P(+)?

m P(cancer|+) + P(-cancer | +) should be one.
P(cancer|+) = 0.98 - 0.008 / P(+) = 0.00784 / P(+)
P(-cancer | +) = P(+ | -cancer) -P(-cancer) / P(+)

= 0.03-0.992 / P(+) = 0.02976 / P(+)
0.00784 / P(+) + 0.02976 / P(+) = 1
P(+) = 0.00784 + 0.02976 = 0.0376

m P(cancer|+) = 0.00784 /0.0376 = 0.21
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A Bayesian Network
for Medical Diagnosis

P(cancer) = 0.008
P(-cancer) = 0.992

(+ | cancer) = 0.98
(- | cancer) = 0.02
(
P(-

Causal HH
relationship

+ | -cancer) = 0.03
| -cancer) = 0.97

In our example, the knowledge base corresponds to
the joint probability distribution.
P(cancer) - P(test | cancer) = P(test, cancer)
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Bayesian Networks

A compact representation of
knowledge base (probabilities)

Qualitative part: graph theory
= Directed acyclic graph (DAG)
m Vertices: variables

= Hdges: dependency or influence of a
variable on another.

Quantitative part: probability theory

= Set of (conditional) probabilities for all
variables

Naturally handles the problem of
complexity and uncertainty.
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m Joint probability as a product of conditional
probabilities

= Can dramatically reduce the parameters for data modeling
in Bayesian networks.

37 variables in total
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(From NIPS’01 tutorial by Friedman, N. and Daphne K.)
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Probabilistic Graphical Models

Graphical model

@cted gr@

Markov Random Field Bayesian Networks
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Representation of Joint

Probability

e

P(A, B,C,D,E)zéngi(Zi)
e — L 9/(A.B)p,(B.C.D)y,(C, D,E)
5 o » @l

@ \ normalization constant

/ P(A,B,C,D,E)=P(A|Pa(A))P(B|Pa(B))P(C|Pa(C))
67 P(D | Pa(D))P(E | Pa(E))
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Real World Applications of BN

= Intelligent agents
= Microsoft Office assistant: Bayesian user modeling

m Medical diagnosis

s PATHFINDER (Heckerman, 1992): diagnosis of lymph node
disease =» commercialized as INTELLIPATH
(http:/ /www.intellipath.com/)

m Control decision support system
m Speech recognition (HMMs)

m Genome data analysis

= gene expression, DNA sequence, a combined analysis of
heterogeneous data.

m Turbocodes (channel coding)
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Causal Networks

m Node: event

m Arc: causal relationship between the two nodes
= A = B: A causes B.

m Causal network for the car start problem pensen 01]

Clean Spark
Plugs

Fuel Meter
Standing
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Reasoning with Causal
Networks

* My car does not start. 2 increases the certainty of no
fuel and dirty spark plugs. = increases the certainty of
fuel meter’s standing for the empty.

* Fuel meter stands for the half. 2 decreases the certainty
of no fuel = increases the certainty of dirty spark plugs.

Clean Spark
Plugs

Fuel Meter
Standing
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d-Separation

A rule describing the influences between the nodes.
Connections in causal networks

Serial diverging converging

Definition [Jensen 01];

Two nodes in a causal network are d-separated if for all
paths between them there 1s an intermediate node V such that
m the connection is serial or diverging and the state of V is known or

= the connection is converging and neither V nor any of V’s
descendants have received evidence.
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d-Separation Example 1

O,

hos

A and B is marginally dependent

A and B is marginally independent

O,

=

A and B is conditionally independent

A and B is conditionally dependent
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d-Separation Example 2

®
/

/\\‘E
¢ &

There exists a non-blocked path. Hence, two black nodes
(variables) are not d-separated and (possibly) dependent on
each other.
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d-Separation Example 2

5o
¢ &

Every path is blocked now. Hence, the two black nodes
(variables) are d-separated and independent from each other.
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d-separation: Car Start Problem

= » D

‘Start’ and ‘Fuel’ are dependent on each other.
‘Start’ and ‘Clean Spark Plugs’ are dependent on each other.
‘Fuel’ and ‘Fuel Meter Standing’ are dependent on each other.

‘Fuel’ and ‘Clean Spark Plugs’ are conditionally dependent on each
other given the value of ‘Start’.

‘Fuel Meter Standing’ and ‘Start’ are conditionally independent given
the value of ‘Fuel’.

Clean Spark
Plugs

Fuel Meter
Standing
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Probability for Quantifying
Certainty in Causal Networks

m Basic axioms
= P(A) =1iff A is certain.

2,P(A) =1 (summation is taken over all possible values of A.)

= P(A U B)=P(A) + P(B) iff A and B are mutually
exclusive.

m d-separation in probability calculus

m Event in the causal network 2 a random variable

= If A and B are d-separated, then P(A | B) = P(A).
A and B are probabilistically independent.
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Quantitative Specification by
Probability Calculus

m Fundamentals
= Conditional Probability
P(B|A)= P(AB)
P(A)
= Product Rule
P(A,B)=P(B|AP(A)=P(A|B)P(B)
s Chain Rule: a successive application of the product rule.
P(X,,X,,..., X,)
o =PX, Xy, X P X [ X X e, X))
~ =P(X,, Xty X L)P(X | X, Xy, X D)P(X | X, Xy X))

:P(X1)f[ P(Xi [ Xy, Xii)
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Definition: Bayesian Networks

m A Bayesian network consists of the

following.

A set of n variables X = {X;, X,, ..., X } and a set of
directed edges between variables.

The variables (vertices) with the directed edges
form a directed acyclic graph (DAG) structure.
Directed cycles are not modeled.

To each variable X; and its parents Pa(X)), there is

attached a conditional probability table for
P(X;| Pa(X;).

Modeling for continuous variables is also possible.
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Bayesian Network
for the Car Start Problem

P(Fu=Yes)=0.98 P(CSP = Yes) =0.96

Clean Spark
Plugs

Fuel Meter
Standing

P(St|Fu, CSP)

PEMSIFD) (Fu, CSP) | Start=YES Start=No
FMS = | FMS=| FMS =
Full | Half | Empty (Yes, Yes) 0.99 0.01
Fu=Yes| 039 | 060 || o0.01 (Yes, No) 0.01 0.99
Fu=No | 0001 | 0001 | 0998 (No, Yes) 0 1
(No, No) 0 1
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1.

2.

The Car Start Problem

Revisited

No start 2 P(St = No) =1 (evidence 1)

s Update the conditional probabilities P(Fu | St = No), P(CSP | St
= No), and P(FMS | 5t = No)

Fuel meter stands for the halt 2> P(FMS = Half) =1
(evidence 2)

= Update the conditional probabilities P(Fu | St = No, FMS =
Half) and P(CSP | St = No, FMS = Half).

Clean Spark
Plugs

Fuel Meter
Standing
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24



Calculation of
Conditional Probabilities

m Calculation of P(CSP | 5t = No, FMS =

Half) is as follows.
P(CSP, St, FMS)
P(St, FMS)
> P(Fu,CSP,st,FMS)
ZFU,CSP P(Fu,CSP, St, FMS)

P(CSP | St, FMS) =

= Summations in the above equation are taken
over all possible values of the variables.

Calculation of the conditional probability by
marginalization can be impossible.
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Initial State

P(Fu), P(CSP), P(St), and P(FMS)

Fuel CleanSparkPlugs
Yes  95.0 m— Yes  96.0 m—
Mo 200p ¢ & ¢ Mo 4.00

: Fu|EMEtEr51.'EIﬂ:dIIE'|gE Start
Half A8.8 y ;oo
Empty 2.98 0 :
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No Start

P(Fu | St = No), P(CSP| S5t = No), and P(FMS | St = No)

Fuel CleanSparkPlugs
Yes 707 —— Yeg 410 i
[ 293 o a3, 1

FuleMeterStanding Start

Full 27 6 - -
Half 42 4 NES .
Empty 30,0 =
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Fuel Meter Stands for Half

P(Fu | St = No, FMS = Half) and P(CSP | St = No, FMS = Half)

Fuel CleanSparkPlugs
Yes 999 Yes 196 mmi | i
= No 0.4
FuIeMeterStandlng Start
Full o] ¢ ¢ W af
Half mﬂﬁ NES 100
Empty 0] ;@ .
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Bayesian Networks: Revisited

m Definition

= A graphical model for the probabilistic relationships
among a set of variables.

= Compact representation of joint probability
distributions on the basis of conditional probabilities.

= Consists of the following.

7 A set of n variables X = Xy, X5, ..., X, } and a set of directed -
Qualitative edges between variables.

part The variables (nodes) with the directed edges form a directed
T acyclic graph (DAG) structure. .

To each variable X; and its parents Pa(X)), a conditional

Qua;;irtfﬁve probability table for P(X, | Pa(X))).

Modeling for continuous variables is also possible.
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m Independence of two events

= Marginal independence
AL B < P(A|B)=P(A)
P(B|A)=P(B)

= Conditional independence
AL B|C < P(A|B,C)=P(A|C),
P(BIA,C)=P(B|C)

(c) 2005 SNU CSE Bl Lab
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Pa(X;): the parents of X
Ch(X;): the children of X

De(X;): the descendents of X

/ \ Topological sort of X. € X

105
PO(XS) m— X Xy Xy, Xy, X, X, X, X, Xgy X

\ \ / Chain rule in a reverse order

@ @ P(X\{X o}, X10) = P(XMX [ HP(X g | XV {X0})
= P(X\{Xlo}}P(XIO | XS)
P(X"\{X,}, Xg) = P(X\{ X, HP(Xy [ XN {X,})
Ch(X,) = P(X"\{X,})P(X, | X;)
P(X™ { X5}, Xg) = P(XN X H)P(Xg | XN {X)

X={X,X,, ..., X

= P(X" {X P(X, | Xs, X)




Bayesian Network Represents
the Joint Probability Distribution

m By the d-separation property, the Bayesian
network over n variables X = {X,, X,, ...,
X} represents P(X) as follows:

P(X,, X, X)) = l_an1 P(X; | Pa(X,)).
= Given the joint probability distribution, any

conditional probability can be calculated in
principle.
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An Illustration of Conditional
Independence in BNs

Ell Metica — [CarStart] @@
@ File Edit Lawout Plodify Metwork HRelation Stule Feport MWindow Help — | 5
B || clole| ]| L mm=] o] ] =52 F || -] 2
E
u Clean_Spark_Plug
e . Yes 95.0 —
Mo . Mo A.00
Fuel_Meter_Standing \ __ /
Full 35.2 —— e —
Half 535.5 — Mo pos D
Empty 295 )
Tru
Fal
Tru ue
Fal se
—
< >

Netica (http://www.norsys.com)
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Inference Example

X,——> X,—> X,

P(X,) = (0.6, 0.4)

P(X,| X;) =
X;==0:(0.2,0.8)
X;==1:(0.5,0.5)

P(X;3] X5) =

(c) 2005 SNU CSE Bl Lab

34



Initial State

X,——> X,—> X,

P(X,) = ZXL x3 P(X1, Xy, X5)

= ZXL X3 P(X1)P(X2 | Xl)P(X3 | X2) P(X,|X;) =

=2 x1 P(X)P(X5 | Xq) > 53 P(X5]| X5)

=2 x1P(X7)P(X, [ Xy)
=0.6*(0.2,0.8)+ 0.4 *(0.5,0.5)
=(0.12+0.2,0.48 + 0.2) = (0.32, 0.68)

(c) 2005 SNU CSE Bl Lab
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Given that X; ==1

= e

~

X——>X,— X,

~ e

_ =

P(X;|X;=1)=FP(Xy, X3=1)
=025 P(Xy, Xy, X5=1)
= B2 x P(X7)P(X, | X1)P(X3=1]X,) P(Xy) = (0.6,04)

_ _ P(X,| X;) =
= BP(X)) 530 P(X,| X))P(X; = 1| X,) ‘00208
= BP(X,) (02* 0.7 + 0.8 *0.3,0.5* 0.7 X, ==1: (05, 05)
+0.5*0.3) P, =
= £ (0.6, 0.4) * (0.62, 0.5) X, ==0: (0.3, 0.7)
= £(0.228,0.2) = (0.53, 0.47) %, == 1007, 09)

(c) 2005 SNU CSE Bl Lab 36



Learning Example

X,——> X,—> X,

Data (22 examples):
X:0101000110001010010110
X,,0011001100111001010111

X;:1000011100001111100000
10 20

(c) 2005 SNU CSE Bl Lab
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Parameter Learning
X,—> X,— X,
P(X,) = (13/22,9/22)
P(X, | Xy) =

X, ==0:(7/13, 6/13)
X;==1:(3/9,6/9)

Data (22 examples):

X:0101000110001010010110
X,;0011001100111001010111
X;:1000011100001111100000

(c) 2005 SNU CSE Bl Lab
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Learning Bayesian Networks

Data Acquisition Preprocessing
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Learning Bayesian Networks
(Cont’d)

m Bayesian network learning consists of

= Structure learning (DAG structure)
= Parameter learning (for local probability distribution)

m Situations
= Known structure and complete data
s Unknown structure and complete data
= Known structure and incomplete data.
= Unknown structure and incomplete data.
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Parameter Learning

m Task: Given a network structure, estimate the parameters
of the model from data.

] P(A) P(B)
\ / \‘ H L H L
G Q 0.99 0.01 0.93 0.07
A|B|lcCc|D P(CIA B) P(D|B)
(A, B) H L B H L
S1 H L L L (H, H) 0.4 0.6 H 0.9 01
(H, L) 0.2 0.8 . o1 5
SZ H H H H (L, H) 0.3 0.7
(L, L) 0.8 0.2
S M L H H L
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s Key point: independence of parameter estimation

s D={s,, s,, ..., s}, Wwhere s;=(a, b, c, d)) is an instance of a random

vector variable S=(A, B, C, D).

= Assumption: samples s; are independent and identically distributed

o o
l-l.Ci .
JRCTTLELE LT LT TN
. .
. 0
. ‘e
S
Sy Yo
o .
4 ..

<M
L;(®;D) =R, (D[ 0) t H Ps (s | @))
.=l

][R 2l©)P. (Gl (cJa, b, ©)P (db, ©)]

i=1

N

i=l

-

o f

~

o

(f1r0) ({10000 ({1 ciano] flrono)

|

J L

Independent parameter estimation for each node (variable)
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P(A) P(B) P(C|AB) P(D|B)
© 0 00
@ o

® One can estimate the parameters for P(A), P(B), P(C| A, B),
and P(D | B) in an independent manner.

= If A, B,C and D are all binary-valued, the number of parameters
are reduced from 15 (24-1) to 8 (1+1+4+2).

Sy
Sy
Sm
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Methods for Parameter Estimation

m Maximum Likelihood Estimation

m Choose the value of ©® which maximizes the likelihood for the
observed data D.

O =arg maxg L, (0; D) =argmax, P(D | ®)

m Bayesian estimation

= Represent uncertainty about parameters using a probability
distribution over ©.

m O is also a random variable rather than a parameter value.

P(®|D)= POPD]O) o« P(O)P(D |0)

P(D) Dy
ikelihood
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Bayes Rule, MAP and ML

m Bayes' rule

P(D|h)P(h) h: hypothesis (models or parameters)

P(h D)= P(D) D: data

# ML (maximum likelihood) estimation

h* =argmax, P(D|h) - XJ’CZJ\A

s MAP (maximum a posteriori) estimation

h* = argmax, P(h| D) AN Xﬂﬁ:j\i

= Bayesian Learning
= Not a point estimate, but the posterior NG X ﬂ/\ = j\ﬁ

distribution
From NIPS’99 tutorial by
P(h | D) Ghahramani, Z.
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m Bayesian estimation (for multinomial distribution)

-----------------------------
. 3
*

~~  Prior knowledge or pseudo counts

""""""""""""

- s) (9) o H g Sufficient statistics
P(0]D) o P(Q)P(D/)

ocH 90‘k+|\lk'—1
@ @ @ P(SMH=k|D)=jP(k|0)P(9|D)de

----------------------------
o* Y

Likelihood g, [0 ]ﬂ. a,+ N,
-' = Epop) %=
P(D| 0) Z, (&, +N) _
....................................................... SR b
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An Example: Coin toss

Maximum likelihood estimation P(D|0)=6,6.6,6,6.6, =66

0= argmax, P(D |0) =

P(S=H)=4, z

[P(O) oc AN ]

S 3
5+1 6

Bayesian inference /
. B

PH|D)

.

" P(0|D)x P(9)xP(D|6) = 0,6,

B 1+5 3
A+5+d+1) 4

\

J

1§

|

(D]0)=6,6,6,,0,6,0, ]

_ 656!
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P(H)

HHTHH HHTHH

H  HH  HHT  HHTH HHTHH 70 0 0 (100, 50)
MLE 1.00 1.00 0.67 0.75 0.80 0.83 0.70 0.67
B(0.5, 0.5) 0.75 0.83 0.63 0.70 0.75 0.79 0.68 0.67
B(1, 1) 0.67 0.75 0.60 0.67 0.71 0.75 0.67 0.66
B(2, 2) 0.60 0.67 0.57 0.63 0.67 0.70 0.64 0.66
B(5, 5) 0.55 0.58 0.54 0.57 0.60 0.63 0.60 0.65
_Dirichlet prior - -
— Dir05,05 3 M 0n |
— pw. D
Dir(2, 2) L I

— Dir(5, 5)

—— Dir(10, 10}

— Dir(20, 20) ||

— ? 7 7 \\E ; —
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Variation of posterior distribution for the parameter

s T T T T T T T 3.5
— p—
H H
458 — HH — HH
— HHT . . 3H = HHT B 1 1
— HHTH 9 — HHTH 9
4 —— HHTHH —— HHTHH
—— HHTHHH = HHTHHH
25+
2
1.5t
1
0.5
o
0 LR
3 T T T T 5 T
— _
H H
— B(2, 2 =
—— HHT ) 34 — HHT
231 — HHTH — HHTH
—— HHTHH —— HHTHH

— HHTHHH — HHTHHH

2.

15F

qk

05

—— - L L 1 L L 1 .
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Introduction
Basic Concepts of Bayesian Networks
Learning Bayesian Networks

s Parameter Learning
m Structural Learning

Scoring Metric
Search Strategy

Practical Applications
= DNA microarray

m Classification

= Dependency Analysis

Summary
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Structural Learning

m Task: Given a data set, search a most plausible network
structure underlying the generation of the data set.

Metric (score)-based approach
Use a scoring metric to measure how well a particular structure
fits the observed set of cases.

7 A B C D) e\/@\ B

ST H L L L ®© O

S2 H H H H 00
-
‘ N, B
Su L H OH L e—0
Scoring Search
metric strategy

0o—O0
@/ \@ ]

Score
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Scoring Metric

(
P(G)P(D |G
P(GID)== ;<E>>| )“/P(G\)P(DQ\
Prior for network Marginal likelihood
N structure

m Likelihood Score

N N
Score(G; D) =1log P(D|G,0,,c ) = > I(X;Pa)-> H(X,)
i=1 =1

= Nodes of high mutual information (dependency) with

their parents get higher score.

= Since, I(X;Y) = I(X; {Y, Z}), the fully connected
network is obtained in an unrestricted case.

= Prone to overfitting.
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Likelihood Score in Relation with
Information Theory

H(X) H(Y)

ocZN:I(Xi;Pa-

o)

p—

i=1
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Bayesian Score

m Consider the uncertainty in parameter estimation in
Bayesian network

Score(G; D) = P(G)[ P(D| G,0)P(© | G)d®

= Assuming a complete data and parameter independence,
the marginal likelihood can be rewritten as

P(D|G)= HU D(X,;Pa(X ))\G,ei)P(ei|G)d9i]

Marginal likelihood for each pair
of (XiPa(X;))
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Bayesian Dirichlet Score

m For a multinomial case, if we assume a Dirichlet
prior for each parameter (Heckerman, 1995),

P (alj) X 1_‘(Clijk T |\Iijk

p——

[P(D(x;;Pa(X,))] G,0,)P(6, | G)do Hr(a N )lk—ll [(a,)

6, ~ Dir(aijl,aijz,...,aij‘xi‘) % =2Xj%k

Nij =# of (Xi :Xik,Pa(Xi)= paij) N; = ‘)21‘ N
[(n+)=nl(n)=---=n!

r()=1 ro=| "ttt
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Bayesian Dirichlet Score (Cont’d)
a G 0 G 0 ~ Dir(a,,, a;)

P(H |¢)=

ay +o;

P(H|H)

(ay +1)

(ay +D)+o;

P(T [HH) =

Uy

(x

P(H | HHT) =

ht2)+o;

(@ +2)

(ay +2)+(a; +1)

=

a=a, +a;
['(ay +3) ['(a; +1)
F(aH ) I'(ar) "

""""
o,

R

e

RRREITFFFFFEEEE T T -

I'(x)

I'a+4)

['(exy +3) y I'(a; +1)
['(ay) I'(ar)
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Bayesian Dirichlet Score (Cont’d)
a G 0 G 0 ~ Dir(a,,, a;)

P(H |¢)=

ay +o;

P(H|H)

(ay +1)

(ay +D)+o;

P(T |HH) =

Uy

(o

P(H | HHT) =

ht2)+o;

(@ +2)

(ay +2)+(a; +1)

=

a=a, +a;
I'(ay +3) ['(a; +1)
F((ZH ) ['(ar) "

""""
o,

R

e

RRREITFFFFFEEEE T T -

I'(x)

I'a+4)

['(exy +3) y I'(a; +1)
['(ay) I'(ar)
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Bayesian Dirichlet Score (Cont’d)

P(D|G)= HU D(X;;Pa(X ))\G,ei)P(9i|G)dei]
N [P F(aij) bl F(aijk+Nijk)

} HH F(aij + Nij ) H F(O‘ijk)

i=1 j=1 k=1

m log P(D | G) in Bayesian score is asymptotically equivalent
to BIC (Schwarz, 1978) and minus the MDL criterion
(Rissanen, 1987).

log P(D|G) ~ BIC(G: D) = log P(D |6, G) - 3m(©)

2
dim(G)z# of parameters in G

log M
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Structure Search

m Given a data set, a score metric, and a set of
possible structures,

m Find the network structure with maximal score.
m Discrete optimization

® One can utilize the property of independent
score for each pair of (X, Pa(X))).

P(D|G) = HP D(X,;Pa(X,))|G)

mmm) Score(G;D)=1logP(D|G)= ZSCore(X,,Pa(X )
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Tree-Structured Network

m Definition: Each node has

= An effective search algorithm exists.
Score for empty
Improvement over empty network network

Score(G | D)= Score(X; | Pa;) = > [Score(X; | Pa,)—Score(X;)]+>_ Score(X;)

Chow and Liu (1968

Construct the undirected complete graph with the
weights of edge E(Xi, X)) being 1(Xi; X]).

- =

Build a maximum weighted spanning tree.

- =

Transform to a directed tree with an arbitrary
root node.
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Complete
undirected graph

Directed tree
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Maximum
spanning
tree
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Search Strategies for General
Bayesian Networks

s With more than one parents per node =» NP-hard
(Chickering, 1996)
= Heuristic search methods are usually employed.
Greedy hill-climbing (local search)
Greedy hill-climbing with random restart
Simulated annealing
Tabu search
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Greedy Local Search Algorithm

INPUT: Data set, Scoring Metric,
Possible Structures

)

Initialize the structure
* empty network, random network,

tree-structured network, etc

Do a local edge operation resulting in
the largest improvement in score

among all Possible operations

I

YES

%0 o

T
@\69\6
¢ 9\ E

Score(G,, ;D)>Score(G;D

@\GQ\Q @\GP\Q

(c) 2005 SNU CSE Bl Lab 64



Enhanced Search

m Greedy local search can get stuck in local maxima or plateaux.

m Standard heuristics to escape the two includes
= Search with random restarts, Simulated annealing, Tabu search

m  Genetic algorithm: a population-based search.

Randqm restart

. Local maximum

Score
Score

score

Simulated annealing Population-based search (GA)
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Learning Bayesian Networks:
Summary

m Learning Bayesian networks

= Joint (probability) distribution =» product of conditional
probabilities for each variable (node) (sum in log-based
representation.)
m Parameter Learning
= Hstimation of local probability distribution
= MLE, Bayesian estimation.

m Structure Learning

= Score metrics
Likelihood, Bayesian score, BIC, MDL

= Search strategies
Optimization in discrete space =» maximize the score
Key concept: the decomposability of the score
Tree-structured and general Bayesian networks.
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m Introduction
m Basic Concepts of Bayesian Networks
m [earning Bayesian Networks

= Parameter Learning
= Structural Learning

m Applications

= DNA microarray
= Classification (Naive Bayes, TAN)
= Dependency Analysis

® Summary
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DNA Microarray Data Analysis

m Classification
= Gene expression data of 72 leukemia patients.
m Task: classification of samples into AML or ALL based on
expression patterns using Bayesian networks.
s Combined analysis of gene expression data and drug
activity data

= Gene expression data and drug activity data of 60 cancer
samples

= Task: construct a dependency network of genes and drugs.

m Tools

s WEKA (http:/ /www.cs.waikato.ac.nz/~ml/weka/)

A collection of machine learning algorithms for data mining tasks
1m lemented in JAVA, open source software issued under the
General Public Llcense)

Baye51an network learning algorithms are also included.

= BN]J software (http://bnj.sourceforge.net/) are used for
visualization when needed.
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DNA Microarrays

m Recent developments in the technology for biological
experiments have made it possible to produce massive
biological data sets.

= Monitor thousands of gene expression levels
simultaneously. <=2 traditional one gene experiments.

= parallel view of the expression patterns of thousands of genes in
a cell.

= Bayesian networks is a useful tool for the identification of a
variety of meaningful relationships among genes from the data.
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Bayesian Networks
in Microarray Data Analysis

Bayesian network
construction

(c) 2005 SNU CSE Bl Lab

Sample classification

- Disease diagnosis

Gene-gene relation analysis

- Activation or inhibition
between genes

Gene regulatory network
analysis

- Global view on the relations
among genes

Combined analysis of other
biological data

- DNA sequence data, drug
activity data, and so on.
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DNA Microarray

Cy5: ~650 nm  Cy3: ~550 nm

test reference excitation

e
P 3% laser 1 laser 2
s o
,ﬁ____
T

reverse
transcription

label with
o fluor dyes
PCR amplification A 2 *-'!‘-q#
purification i_'_,’;‘:..’\._. g&ﬁ
robotic
printing

compates Image
hybridize target analysis
to microarray

analysis

No differential expression
Induced
Repressed
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Sample 1

Data Preparation for Data

Sample 2

Sample i

Microarray image samples

Mining

Sample 1

[lame !Type (CHNS:SNBY CNS:U2B1 BR:BT-54S CNSISF-2C CMS:SF-2¢
Human GOF gst -193 01 =01 027 027
Gene 2 | |LBR Lamin est 008 027  -021 -099  -0.26
D Wy 245, est kb -0.06 05 U.b3 -0 42
H.sapiens hest 0.35 -0.08 0,03 0,19 0,57
Activated ral protein -0.62 -0.62 -0.62 -0.62 -0.62
PRG1 Hem:est -0,95 -0,75 0,72 0,39 1,44
SID 489041 est -0.67 -0.29 -0.99 0,13 1,06
SID 310848 est -0,95 -0,49 -1,48 -0,45 0,34
Human mRk est -0.11 -0,19 -1.26 -1.12 -2.38
ESTs ChrB st -0,67 -0.B6 0,92 0,37 0,37
SID 37163, est -2.01 -1.61 -0.2 -0.45 -2 67
SID W B10 est -0,33 -0.01 -1.05 -0.51 -0,99
WYC W-my( est -1.73 -1.34 0,79 -1.39 -1.22
SID 36323 est 0,63 -0.581 -0,44 0.1 -2.3
EUKARYOT est -2.28 -0.Bb -0,63 -1.26 -1.97
SIDW 2765 est 0,73 1,31 -0,71 -0.31 -0,79
SID 47045 est 0,19 -0.28 0,19 -1 -0.,45
SID WY 135 | est 0,02 -0.25 0,33 -0.01 0,28
ESTs Chr, 1 est -0.23 0.4 -0.71 0,75 -0.66
SID 267148 est 051 0,03 -1.06 0,35 0,7
Homo sapie est -0.61 0.63 -1.21 0,04 0,99
Human G/T est -0.16 1,14 0,65 -053 -0.81
SID 28578 pst 0,81 0,27 0,37 0,28 0,73
Human cyvcl est 0,85 0.3 0.91 -1.22 1.8
SID 470008 pst 0,69 052 -1.44 -0,39 0R2
+Brain—expr st \ 077 0.41 -1.15 0,04 0.9z

Numerical data for data mining
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Example 1: Tumor Type Classification

m Task: classification a leukemia samples into two classes based
on gene expression patterns using Bayesian networks

f
s Ly ®4
il el
] iR
1 T\L
'
fHas ERRIELRICE
i - Selected genes
e T and the target variable
- DNA microarray
data from two kinds of
leukemia patients

- Learned Bayesian network
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Data Sets

m 72 samples in total: 25 AML (acute myeloid leukemia)
samples + 47 ALL (acute lymphoblastic leukemia)
samples (Golub et al., 1999).

m A data sample consists of expression measurements for
over 7,000 genes.

m Preprocessing
= 30 informative genes were selected by the P-metric

Have — HaL
OamL TOaLL

score(g) =

= Expression values were discretized into 2 levels, High and Low.

= The final data is 72 samples of which each consists of “High” or ‘Low’
expression values of 30 genes
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Classification by Bayesian Networks

m Classification as an inference for a variable (node)
in Bayesian networks.

Bayes optimal classifier

¢ (g) =argmax_. P(c|g,D)
=argmax, . Y P(c|g,h)P(h|D)

if P(h|D)=1 w——p
¢ (g) = argmax_. P(c|g,h)

R.(C,8) _ P.(C,,8)
F.(g) Z| R.(C.g)

P(type,g) = P(type) P(pic | type) P(ltc4s |type) P(zyxin|type)
P(c_myb|type, pic) P( fah |type,ltc4s)P(mb—1|type, fah)
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Naive Bayes Classifier

m Very restricted form of Bayesian network

= Conditional independence of all variables (nodes) given the value of the
class variable.

m Though simple, widely used in classification tasks up to now.
P(type,s) = P(type)P(s [ type)

P(s [type) = P(c _myb|type)P(zyxin|type)
P(pic |type)P(ltc4s |type)
P(fah|type)P(mb 1|type)
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Tree-Augmented Network
m (Friedman et al., 1997)

m Naive Bayes + tree-
structured network of
variables but class node.

= Express the dependency
between variables in a
restricted way.

m ‘Class’ is the root node

= X, can have at most one
parent, besides ‘Class’
node.

P(zyxin |type)
€2> P(zyxin|type, fah)
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Results

m [ .eave-one-out cross-validation

= Bayesian network learning
with 71 samples and test for
the remaining one samples.

m 72 iteration

6 genes 30 genes

NB 66/72 68/72
TAN 69/72 68/72
General BN 66/72 67/72
(max#pa=2) | ggm> (NB) | 69/72 (NB)
General BN 69/72 65/72
(max #pa = 3)

70/72 (NB) 67/72 (NB)
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Markov Blanket in BN

Markov Blanket of the node ‘type’

Markov Blanket of the node T:

P(T | X\{T}) = P(T | MB(T))
MB(T ) = {Pa(T), Ch(T), Pa(Ch(T)\{T}}

e Q\
X Xe

ﬂ NN\
* °
" g *
TAN . & &y
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Example 2: Gene-Drug Dependency
Analysis

m Task: Construct a Bayesian network for the combined
analysis of gene expression data and drug activity data.

Preprocessing

- Thresholding -
Gene Mixpression Dit) : o

- Discretization
Deiwzeiiyiny DA l . .
ug actvity Selected genes, drugs

@

and cancer type node

W\

< Learned Bayesian network >

- Dependency analysis

- Probabilistic inference
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Data Sets

m NCI60 data sets (Schert et al., 2000)

m 9703 genes and 1400 chemical compounds from 60 human cancer
samples.
m Preprocessing

= 12 genes and 4 drugs were selected based the correlation analysis
result in (Scherf et al. 2000): Considering the learning time and
visualization of Bayesian networks.

= Discretize the gene expression values and drug activity values
into 3 levels, High, Mid, Low.

= Nodes in Bayesian networks: 12 genes, 4 drugs, cancer
type.
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Results

|H’ Bavyesian Network tools in Java

M[EX]

File Edit Wiew About
Edit Netwark | Run Metwaork | Visualization |

@& @

&
=l

Zoom Out (a)

Delete Mode (k)

a
4ep
=
Center Metwork {c)

A

Delete Edge (d}

ks =% 108%
Save | Add Mode (n} | Add Edge (e} Zoom2Fit (%) | Zoom In (g} Foom 1002 (=}

Cutset Condition

———— T T T
Human_histone_2a-like_protein_{H24/1
————— |
. . . HEAT_SHOCK_70_KD_PROTEINM_1-HOM
CHuman_histone_2a-like_protein_{H2a/)_mRNAZD ka;/)
\SID_4?U‘336_HDmD_sapiens_mRNA_fDr_fDr_histDne_H25>

CSID_W_308924_HEMOGLOBIN_EPSILON_CHAINDD

D_L-&sparagine

El

o

Visualization by BNJ3 Software http://bnj.sourceforge.net/

Identification of a plausible dependency among 2 genes and 1 drugs
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Inferring Gene Regulation Model

m Reconstruction of regulatory relation among
genes from genome data.

= One of the challenges in reconstruction of gene
regulatory networks using Bayesian networks is
statistical robustness.

= Arises from the sparse nature underlying gene
expression data.

Usually, the number of samples are much smaller than that
of genes (attributes).

Can produce unstable, spurious results.

= Bootstrap, model averaging, incorporation of prior
biological knowledge.
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m Bootstrap-based approach

= Multiple Bayesian networks from bootstrapped samples. (Friedman,
N. et al., 2000, Pe’er, D. et al., 2001)

Yeast cell-cycle data
76 samples for 800 genes

ReAsa/mpl/Hg ‘flth M nt

K 3

i i ) Friedman et al., Z(bo
_ Identification of significant
- pairwise relations (Friedman, 2000)

1
conf(f)= IZ; f(G)) - subnetworks (Pe’er, 2001)
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m Model averaging-based approach

= Estimate the confidence of features by averaging over posterior
model (BN) distribution (Hertemink et al., 2002)

......
o .,

with simulated
annealing

Score

lllllllllllllllllllllllllllllllllllllllllllllllllll
.

S i, conf()=Y PG, |D)P( | D.G)
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m Incorporation prior knowledge or assumption.

= Impose biologically-motivated assumptions on the network
structure.

= Construction of gene regulation model from gene expression
data: inferring regulator set (Pe’er, D., et al., 2002)

Assumption

A relatively small set of genes is directly involved in
transcriptional regulation

Limit the number of candidate regulators

Limit the number of parents for each node (gene) and
the number of genes having outgoing edges.

=>» Significantly reduce the number of possible models.
=>» Statistical robustness of the identified regulator sets.
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Candidate
regulator set

ot
.
.

3,622 genes in total (=456)
JTeeoee @D
* Remove non- ) ® @
informative genes @ @ ® 0 .‘.‘ @
* Discretization
® ®© @ ..‘ ® 9
@O
358 samples from combined @ O @) O
data sets for S. cerevisiae. \ ® @ @ @ /
Learning with
..................................... Structure
F(R) = z max : Score(g.pa,) . constraints
gex Tag ':R’|Pag ‘Sd ................. s
Score (g;Pag) =I(g,Pag) , * , ’ Regulator set
\_ J
.......... / 1\ / I\ VAl /]
- é }/ ~ 2-level network
A 4 Y
@
(Pe’er et al., 2002) Target
N /
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Summary

m Bayesian networks provide an efficient/effective framework for
organizing the body of knowledge by encoding the probabilistic
relationships among variables of interest.

m Graph theory + probability theory: DAG + local probability
distribution.

= Conditional independence and conditional probability are
keystones.

= A compact way to express complex systems by simpler probabilistic
modules and thus a natural framework for dealing with complexity
and uncertainty.

s Two problems in the learning of Bayesian networks from data
= Parameter estimation: MLE, MAP, Bayesian estimation

= Structural learning: tree-structured network, heuristic search for
general Bayesian network.
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Summary (Cont’d)

m Not covered in this tutorial but important issues.
= Probabilistic inference in general Bayesian networks
Exact & approximate inference

= Incomplete data (missing data, hidden variables)
Known structure & unknown structure

Expectation-Maximization algorithm can be employed as in latent
variable models.

= Bayesian model averaging over structures as well as parameters.
= Dynamic Bayesian networks for temporal data.

m Many applications
= Text and web mining
= Medical diagnosis
= Intelligent agent system
= Bioinformatics
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http:/ /www.csse.monash.edu.au/bai/book/appendix_b.pdf

(c) 2005 SNU CSE Bl Lab 93



